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Abstract—Quantitative susceptibility mapping (QSM) is a
last decade new concept which allows to determine the mag-
netic susceptibility distribution of tissue in-vivo. Nowadays it
has several applications such as venous blood oxygenation and
iron concentration quantification. To reconstruct high quality
maps, a regularized scheme must be used to solve this ill-
posed problem, due to the dipole kernel undersampling k-space.
A widely used regularization penalty is Total Variation (TV),
however, we can find staircasing artifacts in reconstructions
due to the assumption that images are piecewise constant,
not always true in MRI. In this sense, we propose a less
restrictive functional, to avoid this problem and to improve
QSM quality. A second order Total Generalized Variation
(TGV) does not assume piecewise constancy in the images and
is equivalent to TV in terms of edge preservation and noise
removal. This work describes how TGV penalty addresses an
increase in imaging efficiency in magnetic susceptibility maps
from numerical phantom and in-vivo data. Currently, we report
higher specificity with the proposed regularization. Moreover,
the robustness of TGV suggest that is a possible alternative to
tissue susceptibility mapping.
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I. INTRODUCTION

Previous work has shown that Quantitative Susceptibility

Mapping (QSM) is a relatively new concept which allows

determining the magnetic susceptibility distribution of tissue

in-vivo [1]. Nowadays, QSM has several applications, such

as venous blood oxygenation [2] and iron concentration

quantification [3].

To reconstruct high quality maps, a regularized scheme

must be used to solve this ill-posed problem, since the

dipole kernel undersamples k-space. Therefore, to promote

sparsity in the penalty, the emergence of l1 norms such

as Total Variation (TV) have been a valuable and widely

used scheme [2], [4]. However, this regularization may

lead to staircasing artifacts [5] in the presence of B1

inhomogeneity becauseTV assumes images are piecewise

constant, not always true in MRI.

To avoid this problem and to improve QSM quality we

propose a less restrictive functional: a second order Total

Generalized Variation (TGV). This penalty does not assume

piecewise constant images (free of staircasing artifacts) and

is equivalent to TV in terms of edge preservation and noise

removal [5]. We report high quality QSM from numerical

phantom and in-vivo data using a TGV optimization

algorithm, similar to the one used in compressed sensing

[6].

II. THEORY

In general, it is known that B, the measured normalized

field map in k-space, is defined as the convolution between

the susceptibility kernel d and the susceptibility distribution

χ [7], [8]. Now, to quantify tissue magnetic susceptibility,

χ maps, the following system of linear equations must be

solved:

B = d ∗ χ (1)

For simplicity, the spatial convolution in Equation (1)

could be expressed in the Fourier domain as follows:

b = F−1DFχ (2)

where b is the normalized field map, F is the Fourier

transform operator, D = 1/3 − kz
2/(k2x + k2y + k2z) is the

susceptibility kernel in k-space and χ is the susceptibility
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distribution [9].

An important issue for susceptibility distribution

reconstruction is that the dipole kernel in k-space severally

undersamples the measured field [3], [8]. This happens

at the magic angle of 54, 6o along a conical surface in

k-space. Therefore Equation (2) is an ill-posed problem. To

find a high quality estimation of χ for this problem, we

require to solve the regularized version of Equation (2). It

is also known that the gradient of underlying susceptibility

distribution is sparse, therefore, an appropriate sparse

transformation will help to solve the problem [3], [4].

In several QSM applications, reconstructions of χ maps

are done via l1 frameworks, setting a Total Variation

penalization [4], [3], [10].

In contrast to the previous approach, we propose a

second order Total Generalised Variation (TGV) penalty.

TGV is the semi-norm of a Banach space, where associated

variational problems fit well into the well-developed

mathematical theory of convex optimization problems.

Moreover, each function of bounded variation admits a

finite TGV value, meaning in particular that piecewise

constant images can be captured with TGV which even

extends TV [5]. In other words, TGV does not assume that

the images consist of regions and is equivalent to TV in

terms of edge preservation and noise removal.

In this work, we propose to address the reconstruction of

χ map by solving the regularized version of Equation (2),

considering the noise level in the λ regularization parameter:

χ̂ = min
χ∈L2(Ω)

TGV (χ) + λ||b− F−1DFχ||2l2 (3)

where,

TGV (χ) = arg min
ψ∈Ω

∫
Ω

|∇χ−ψ|dx+β0
∫
Ω

|∇ψ−∇ψT |dx
(4)

considering ψ as an auxiliary vector field in the gradient

domain.

III. METHODS

To test the proposed regularization, we reconstruct the

susceptibility χ map from numerical phantom and noisy

in-vivo field maps using TV and TGV algorithms, and

compare performances. We use a similar optimization

algorithm to that used in compressed sensing [6].

For the numerical phantom (120×120×78) we computed

a piecewise non-constant susceptibility map. We defined

three regions: gray matter (χ = 0.027 ppm), cerebrospinal

fluid (χ = −0.018 ppm) and white matter (χ = −0.023
ppm). To avoid non-constant regions we added noise to

each region with a variance of 10% of the original value.

In-vivo data was acquired from a healthy volunteer using

a 3D Spoiled Gradient Recalled Echo (SPGR) sequence at

1.5T. 62 axial slices with 2.5 mm slice thickness and FOV

of 240×240×155 mm3 with a TR/TE = 58ms/40ms
and 512×256 resolution in-plane [10].

An important issue in TGV is setting the weights λ and

β0. For β0-tuning we perform a general cross validation [11]

over the TGV functional in Equation (4). After validation,

our model learned an optimum regularization parameter of

β0 = 1.86, which compares reasonably with the literature

[5]. Finally, λ is set by using the L-curve method between

the penalty and data consistency [10]. Optimal settings for

TV and TGV penalties are λ = 2 · 10−2 and λ = 8 · 10−5

respectively.

IV. RESULTS

Herein are presented the results of the susceptibility

reconstructions from numerical phantom and noisy in-vivo

field map using TV and TGV algorithms.

A. Numerical phantom

For numerical susceptibility reconstruction we ran both

algorithms, results in Figure 1, where we can clearly

appreciate tissues that are recovered by TGV and not by

TV. In the pointed out ROI of Figure 1, we can appreciate

that TGV has better performance in non-constant regions.

We can report: χTRUE = 0.025 ppm, χTV = 0.019 ppm

and χTGV = 0.022 ppm in the ROI of Figure 1.

In Figure 2 we present χ values through a sagittal profile,

as defined in Figure 1 (center); TGV is closer to true

data in non-constant regions than TV, where we report a

root-mean-square error (RMSE) of 4.8% for TV and 2.9%

for TGV. In constant regions they perform almost the same,

having only numerical error, RMSE of 0.2%.

B. In-vivo data

For in-vivo reconstruction we used a field map with

200 iterations of dipole fitting. In Figure 3 we present

reconstructions using both penalties. We can appreciate

that TGV and TV reconstructions look alike, but it is

clear the quality of structure definition while comparing.

The TGV penalty could recover and define structures that

the TV penalty could not. In Figure 4 we show a ROI

of previous reconstructions, where we can appreciate two

effects: staircasing artifacts and structure definition (better
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Figure 1. True axial χ view (left), reconstruction using TV penalty (centre) and reconstruction using TGV penalty (right).

Figure 2. Intensity of χ map (in ppm) through a sagittal profile (see Figure 1).

resolution). We also verify that staircasing artifacts in the

vessel are smoothed and the structure is clearly defined via

TGV. Finally, in Figure 5 we present the absolute difference

map between the two penalties in an axial in-vivo χ map

reconstruction, where we can appreciate the structures that

differed in both methods.

C. Computational cost

To run the algorithms, we used a processor Intel(R)

Core(TM) i7-2600 CPU @ 3.40 GHz and Installed memory

(RAM) of 16.0 GB. We report that TV convergence is in

1,629.0 seconds with 100 conjugate gradient iterations, and

convergence via TGV regularization is in 1,551.0 seconds

with 80 conjugate gradient iterations.

V. CONCLUSION

Two regularized QSM algorithms are presented,

employing TV and TGV penalties, which successfully

remove background phase effects via dipole fitting and

solve for the tissue susceptibility distribution via convex

optimization. The performance in image efficiency, structure

definition and computational cost of TGV was favorable

over TV on numerical phantom and in-vivo data.

Figure 3. Axial in-vivo χ map reconstruction (in ppm) using TV (left)
and TGV (right) with optimum settings.
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Figure 4. Vessel ROI of in-vivo χ map (in ppm) for TV (left) and TGV
(right) optimum-setting-reconstructions.

Figure 5. Absolute difference map (in ppm) between TV and TGV axial
in-vivo χ map reconstructions.
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